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A CHARACTERIZATION OF FINITELY DECIDABLE

CONGRUENCE MODULAR VARIETIES

PAWE L M. IDZIAK

Abstract. For every finitely generated, congruence modular variety V of fi-
nite type we find a finite family R of finite rings such that the variety V is
finitely decidable if and only if V is congruence permutable and residually
small, all solvable congruences in finite algebras from V are Abelian, each
congruence above the centralizer of the monolith of a subdirectly irreducible
algebra A from V is comparable with all congruences of A, each homomorphic
image of a subdirectly irreducible algebra with a non-Abelian monolith has a
non-Abelian monolith, and, for each ring R from R, the variety of R–modules
is finitely decidable.

The aim of this paper is to prove the following characterization of finitely decid-
able finitely generated congruence modular varieties of finite type.

Main Theorem. Let V be a finitely generated congruence modular variety of finite
type. Then V is finitely decidable if and only if the following conditions hold:

(m.1) V is congruence permutable,
(m.2) V is residually small,
(m.3) if A is a subdirectly irreducible algebra in V and ν is the centralizer of the

monolith of A, then
(m.3.1) ν is the largest solvable congruence of A,
(m.3.2) ν is an Abelian congruence,
(m.3.3) ν is comparable with all congruences of A,
(m.3.4) the congruences of A above ν are linearly ordered,
(m.3.5) A/ν has no homomorphic image with Abelian monolith,

(m.4) for each finite algebra D from V having linearly ordered congruences and
non-Abelian monolith, the variety VD of R(V ∗D, |D|)–modules (expanded
by some constants) is finitely decidable, where V ∗D denotes the subvariety
of V generated by all subdirectly irreducible algebras A of V such that A/ν
is isomorphic to D.

The rings R(V ∗ D, |D|) as well as the varieties VD are defined in Section 2.
Our condition (m.4) although slightly complicated can be actually understood as
a reduction of finite decidability of a given variety V to the finite decidability of
the finite family of varieties of modules determined by V . Moreover this reduction
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is effective. Given a finitely generated congruence modular variety V (of finite
type), say V = HSP (A) for some finite A, we can check whether V is congruence
permutable by inspecting all ternary terms from the (finite) 3-freely generated
algebra in V . Next, to ensure that V is residually small it suffices (see Remark
8.9 of [7]) to check whether each subalgebra of A satisfies the congruence identity
x ∧ [y, y] = [x ∧ y, y]. If V is residually small then all its subdirectly irreducible

algebras are not bigger than |A|+
(
|A||A||A|+3

)
! (see Theorem 10.15 of [7]). Thus

after listing all of them we can verify all conditions (m.3.1)–(m.3.5). If we are
successful up to now, we produce (as described in Section 2) finite rings R(V∗D, |D|)
and finite sets of finite modules generating the varieties VD. Now V is finitely
decidable if and only if all of the VD’s are finitely decidable.

1. Introduction

The study of the decision problem for various classes of structures began in the
1930’s when Church gave the first undecidability result.

In Universal Algebra one primarily studies collections of algebras known as vari-
eties (that is classes of algebras closed under subalgebras, products and homomor-
phic images). Over the past few decades there has been a systematic attempt to
classify decidable varieties.

Soon after the appearance of the undecidability result of Church and Rosser,
namely that Peano’s arithmetic is undecidable, A.Tarski took over and developed
in 1938–39 a general method for proving the undecidability of first-order theories.
The method was used by him and many others to obtain a lot of examples of
undecidable varieties including (non-Abelian) groups, (commutative) semigroups,
(distributive) lattices, monadic algebras and varieties of algebras with two unary
operations.

On the other hand A.Tarski [24] proved (in 1949) the decidability of the class of
Boolean algebras. Another important result of this kind is the one of W.Szmielew
([23], 1955), saying that any variety of Abelian groups is decidable. These, together
with the decidability of algebras with one unary operation (the decidability of
which was shown by A.Ehrenfeucht [6], 1959) form, as it turned out recently, the
paradigms for decidable varieties.

All of these results answer the question of whether a particular variety is decid-
able. However there were no general theorems concerning the structure of decidable
varieties. The situation changed in the middle of the 1970’s when H.Werner [26]
extended a sheaf technique, used earlier by S.D.Comer [5] for monadic algebras, to
prove that each finitely generated discriminator variety has a decidable first order
theory. Simultaneously A.P.Zamyatin [29, 30] gave a complete characterization of
decidable varieties of groups and rings. Excellent results of S.D.Comer, H.Werner
and A.P.Zamyatin were used by S.Burris and R.McKenzie ([2], 1981) to describe
the structure of decidable locally finite congruence-modular varieties.

Recently R.McKenzie and M.Valeriote ([19], 1989) were able to drop the assump-
tion of congruence modularity, describing the structure of decidable varieties in the
locally finite setting. They reduced the problem of determining the decidable lo-
cally finite varieties to two special questions: which varieties of modules over finite
rings are decidable, and which discriminator varieties are decidable.

A discriminator variety is a variety of algebras that can be thought of as Boolean
algebras with extra operators. Using sophisticated sheaf constructions S.Burris,
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R.McKenzie, M.Valeriote [3] along with R.Willard [25, 27], have recently made
significant progress in the study of decidable discriminator varieties.

Decidable varieties are really quite rare. They, if locally finite, were completely
characterized in terms of the behavior of congruences of their algebras. Birkhoff’s
suggestion in the 1930’s that congruence lattices should be considered as fundamen-
tal associated structures has proved to be remarkably farsighted. In particular, the
mentioned results of S.Burris, R.McKenzie and M.Valeriote justified an old stand-
ing supposition that decidability of a variety and nice structure theory go hand in
hand. In case a variety is finitely generated and decidable then all its algebras can
be recovered, up to isomorphism, from their congruence lattices and a single finite
algebra.

The above connections between the structure of algebras and behavior of their
congruences is extremely strong if one restricts to the class of finite algebras. This
leads to the question of finite decidability of a given class of algebras — a variety
is said to be finitely decidable if the theory of its finite members is recursive. Al-
though many undecidable varieties are also finitely undecidable, these two notions
are completely independent — any of the four possible cases can occur. Boolean
algebras are both decidable and finitely decidable while distributive lattices are un-
decidable and finitely undecidable. From the work of A.P.Zamyatin [30] it follows
that the variety of rings generated by the ring of integers modulo 4 is undecidable
but finitely decidable. The most interesting example was found by J.Jeong [14] who
constructed a decidable discriminator variety that is finitely undecidable.

For a better understanding of this situation one needs to have a deeper look
into the structure of finitely decidable varieties. In a series of papers [10, 11, 12] a
complete description of those finitely decidable varieties that are finitely generated
and congruence distributive is given. Such a variety is finitely decidable if and only
if it is congruence permutable and the congruence lattice of each (finite) subdirectly
irreducible algebra in the variety is linearly ordered. Both these conditions were
proved to be necessary in a locally finite setting.

Very recently J.Jeong [14] (see also [15, 16]) made a profound study of the finitely
decidable varieties which are locally finite and congruence modular. He found
several properties such a variety has to enjoy. The list of necessary conditions was
extended by M.Valeriote and the author in [13].

In this paper the list is further extended, and the obtained extension is shown
to be complete.

The reader is assumed to be well grounded in modern logic and universal algebra.
For all necessary concepts on the decision problems we refer to the survey article
[22]. A nice exposition of the method of semantical interpretation can be found in
[2]. Our universal algebraic terminology and notation will generally follow those of
[4] and [7].

2. Modules Associated with Algebras

The main tool used in the proofs of our results is the commutator theory. Thus
we assume the reader’s familiarity with [7]. In their study of congruence modular
varieties Ralph Freese and Ralph McKenzie [7] defined a family of rings R(V , λ),
where λ is a nonzero cardinal number, such that a lot of information about the
algebras from the variety V can be inferred from the behavior of the R(V , λ)–
modules. In this section we briefly recall the definition of the rings R(V , λ) and
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properties of R(V , λ)–modules which we will need in our considerations. For our
purposes it suffices to restate these results only for finite λ.

Fix a congruence modular variety V with a Gumm term p(x, y, z). Let A be any
algebra from V and let β be an Abelian congruence of A. Then for any element
d ∈ A the equivalence class d/β can be endowed with operations:

a+ b = p(a, d, b),

−a = p(d, a, d),

such that MA(β, d) = (d/β,+,−, d) is a commutative group.
Now let n be any positive integer and let F be the free algebra in V freely

generated by the set X = {u, v0, . . . , vn−1}. Denote by θi the principal congruence
of F generated by the pair (u, vi). Since the congruence θi is Abelian over [θi, θi],
Hij = {r/[θi, θi] : r ∈ vj/θi} is an Abelian group where vj/[θi, θi] is the zero element
and the operations +,− are defined by

(r/[θi, θi]) + (s/[θi, θi]) = p(r, vj , s)/[θi, θi],

−(r/[θi, θi]) = p(vj , r, vj)/[θi, θi],

for any r = r(u,v), s = s(u,v) ∈ vj/θi.
Moreover the set R(V , n) of all (n × n)–matrices (mij) with mij ∈ Hji treated

as a product of the family
{
Hij : i, j < n

}
of Abelian groups is an Abelian group

where zero is the matrix whose (i, j)–th element is vi/[θj , θj ].
The second step R.Freese and R.McKenzie have done here lies in introducing

the multiplication of matrices from R(V , n) in such a way that R(V , n) becomes a
ring with unit. This multiplication is the ordinary matrix multiplication where the
product of t/[θj , θj] and r/[θi, θi] for any t = t(u,v) ∈ vk/θj and r = r(u,v) ∈ vj/θi
is given by

(t/[θj, θj ]) · (r/[θi, θi]) = t(r,v)/[θi, θi].

The reader is referred to Chapter IX of [7] for details.
In our further considerations we will also need the matrices el, where l < n,

whose (i, j)–th element is u/[θl, θl] for i = j = l and vi/[θj, θj ] otherwise. It should
be clear that the el’s are pairwise orthogonal idempotents that sum to the unit of
the ring R(V , n).

Now let A be a finite algebra in V , β be an Abelian congruence of A and
A/β = {d0/β, . . . , dn−1/β}. The last step is to determine the action of the ring
R(V , n) on the direct sum MA(β) of the Abelian groups MA(β, di), i < n.
Take a = (a0, . . . , an−1) ∈ MA(β) and m = (rij/[θj , θj ]) ∈ R(V , n) with rij =
rij(u, v0, . . . , vn−1) ∈ vi/θj . The i–th element of m · a is∑

j<n

rij(aj , d0, . . . , dn−1).

Once more we refer to [7] for details of this action under which MA(β) is a unitary
R(V , n)–module.

As was said at the very beginning, this action carries a lot of information about
the algebra A itself.

First of all note that for any i, j = 0, . . . , n− 1 and any group homomorphism

h : MA(β, di) −→MA(β, dj)

given by the restriction of a unary polynomial of A, there is an element r = r(u,v) ∈
vj/θi such that h(a) = r(a, d0, . . . , dn−1) for all a ∈MA(β, di).
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Now observe that for any fundamental operation f , say k–ary, and all a1, . . . , ak
∈ A with aj ∈MA(β, dij ) we have

f(a1, . . . , ak) = f(di1 , . . . , dik)

+

k∑
j=1

(
f(di1 , . . . , dij−1 , aj, dij+1 , . . . , dik)− f(di1 , . . . , dik)

)
.

Now, for di0 ∈ {d0, . . . , dn−1} chosen such that f(di1 , . . . , dik ) ∈ MA(β, di0 ), the
mapping MA(β, dij ) −→ MA(β, di0) that associates with each x from MA(β, dij )
the element

f(di1 , . . . , dij−1 , x, dij+1 , . . . , dik)− f(di1 , . . . , dik)

of MA(β, di0 ), is a group homomorphism given by a unary polynomial. Identifying
each element a ∈ di/β with the tuple (d0, . . . , di−1, a, di+1, . . . , dn−1) from the
R(V , n)–module MA(β) and using the previous remark we know that there are
mappings

f (M) : {d0/β, . . . , dn−1/β}k −→MA(β)

and for each j = 1, . . . , k

f (j) : {d0/β, . . . , dn−1/β}k −→ R(V , n)

such that

f(a1, . . . , ak) =

 k∑
j=1

f (j)(di1/β, . . . , dik/β) · aj

+ f (M)(di1/β, . . . , dik/β),

whenever a1
β≡ di1 , . . . , ak

β≡ dik .
Note here that if f(di1 , . . . , dik) ∈ MA(β, dj) then f (M)(di1/β, . . . , dik/β) is a

vector (u0, . . . , un−1) in the module MA(β) = MA(β, d0)× . . . ×MA(β, dn−1) for
which uj = f(di1 , . . . , dik) and ui = di for i 6= j.

We are going to recover the algebra A from its quotient D = A/β and the
R(V , |D|)–module MA(β). Obviously the constants

f (j)(di1/β, . . . , dik/β) ∈ R(V , |D|)

as well as f (M)(di1/β, . . . , dik/β) ∈MA(β) are of a big help since they allow us to
recover the fundamental operations of the algebra A. However, first we need to
recover the universe of A. To do this, note that the universe of A can be identified
with the following subset of D ×MA(β)

{(dl/β,m) ∈ D ×MA(β) : mj = 0 for all j 6= l}.
A careful inspection of the action of the ring R(V , |D|) on MA(β) allows us to claim
that for the matrix el ∈ R(V , |D|) previously defined, we have for all m ∈MA(β)

el ·m = m iff mj = 0 for all j 6= l.

This leads to the following definitions.

Definition 1. Let D ∈ V be a finite algebra with the universe {d0, . . . , dn−1}.
Define

e : D −→ R(V , n)

by putting e[di] = ei.
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Now, for every k–ary fundamental operation f of V and j = 1, . . . , k we define a
mapping

f (j) : Dk −→ R(V , n).

For (di1 , . . . , dik) ∈ Dk we need to define an element f (j)[di1 , . . . , dik ] of the ring
R(V , n), i.e. an n× n matrix(

f (j)
p,q [di1 , . . . , dik ]/[θq, θq]

)
p,q<n

,

where

f (j)
p,q [di1 , . . . , dik ] = f (j)

p,q [di1 , . . . , dik ](u, v0, . . . , vn−1)

is a term from vp/θq, i.e. V satisfies the identity

f (j)
p,q [di1 , . . . , dik ](vq , v0, . . . , vn−1) = vp.

Put

f (j)
p,q [di1 , . . . , dik ](u, v0, . . . , vn−1)

=


p(f(vi1 , . . . , u, . . . , vik), f(vi1 , . . . , vik), vp), if q = ij

and f(di1 , . . . , dik) = dp,

vp, otherwise,

with u occurring at the j-th place.

From this definition we know that the matrix f (j)[di1 , . . . , dik ] has at most
one non–zero entry which can occur at the position with coordinates (number of
f(di1 , . . . , dik), number of dij ). This gives that

e[f(di1 , . . . , dik)] · f (j)[di1 , . . . , dik ] = f (j)[di1 , . . . , dik ].

The reader should be warned here that the mappings

e : D −→ R(V , |D|)
and

f (j) : Dk −→ R(V , |D|)
depend on the order in which the elements of D are listed, but once a function e is
chosen as a bijection between D and the set {e0, . . . , en−1} (which is an orthogonal
decomposition of the unit of the ring R(V , |D|) into idempotents) then this enumer-
ation of elements of D is fixed and then used in the definition of the f (j)’s. Thus we
may assume that with every finite algebra D from V we are given mappings e, f (j)

that satisfy

e[f(d1, . . . , dk)] · f (j)[d1, . . . , dk] = f (j)[d1, . . . , dk].(?)

Now we ready to give our second definition.

Definition 2. Let D be a finite algebra from a congruence modular variety V .
Assume that the mappings

e : D −→ R(V , |D|)
and

f (j) : Dk −→ R(V , |D|)
are chosen as in Definition 1.
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By a D–expanded R(V , |D|)–module we mean any R(V , |D|)–module M ex-
panded by all constants of the form f (M)(d1, . . . , dk), (with f being a k-ary funda-
mental operation and (d1, . . . , dk) ∈ Dk) such that M satisfies the identities

e[f(d1, . . . , dk)] · f (M)(d1, . . . , dk) = f (M)(d1, . . . , dk).(??)

Given a D-expanded R(V , |D|)–module M we observe that the set

D[M ] = {(d,m) ∈ D ×M : e[d] ·m = m}
is closed under the operations defined by

f
(
(d1,m1), . . . , (dk,mk)

)
=

f(d1, . . . , dk) ,

k∑
j=1

f (j)[d1, . . . , dk] ·mj + f (M)(d1, . . . , dk)

 .

Put D[M ] to be the algebra (of the same type as D) with the universe D[M ]
and the operations just defined.

We summarize our considerations in the following

Lemma 3. Let D be a finite algebra from a congruence modular variety V . Assume
we are given mappings e and f (j) like in Definition 1. Then every finite algebra
A ∈ V having an Abelian congruence β with A/β ' D is isomorphic to an algebra
of the form D[M ], for some D-expanded R(V , |D|)–module M.

Proof. Let ι : A −→ D be a surjective homomorphism with kernel β. Assume that
n = |D| = |A/β| and choose c0, . . . , cn−1 ∈ A such that e(ι(ci)) = ei. Then we have
MA(β) = MA(β, c0) × . . . ×MA(β, cn−1). By MA(β) denote the module MA(β)
that is D–expanded by

f (M)(ι(a1), . . . , ι(ak)) = (u0, . . . , un−1)

with

up =

{
f(a1, . . . , ak) if f(a1, . . . , ak) ∈ cp/β.
cp otherwise.

Note here that this definition does not depend on the choice of the ai’s and that
the condition (??) is fulfilled.

Representing each element a of A in the module MA(β) by a tuple â = (â0, . . . ,
ân−1) with

âi =

{
a if a ∈ ci/β,
ci otherwise,

we can define a mapping

A 3 a 7−→ (ι(a), â) ∈ D
[
MA(β)

]
.

One can easily check that this mapping is bijective. Also a straightforward, but
laborious, calculation shows that it is a homomorphism between A and D

[
MA(β)

]
.

Note here that the module MA(β) is uniquely, up to isomorphism, determined
by the variety V , the algebra A ∈ V and the Abelian congruence congruence β
of A. This means that different numberings of the elements of A/β (in particular
resulting from different homomorphisms of A onto A/β) lead to isomorphic D–
expanded R(V , |A/β|)–modules.

We will also need the following
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Definition 4. Assume that V is a finitely generated variety satisfying the condi-
tions (m.1)–(m.3), and let D ∈ V be a trivial or a subdirectly irreducible algebra
with non–Abelian monolith.

Define V ∗D to be the subvariety of V generated by all subdirectly irreducible
algebras from V having D as a homomorphic image. In particular if D is trivial
then V ∗D = V .

By RD we denote the ring R(V ∗ D, |D|). The elements of the form e[d] and
f (j)[d1, . . . , dk] are fixed as in Definition 1.

Finally, let VD be the variety of D–expanded RD–modules generated by D–
expanded modules of the form MA(ρ) (described in the proof of Lemma 3), where
A ∈ V is a subdirectly irreducible algebra, ρ is its largest solvable (=Abelian)
congruence and A/ρ ' D.

We will need the following refinement of Lemma 3.

Theorem 5. Assume that V is a finitely generated variety satisfying the conditions
(m.1)–(m.3), and let D ∈ V be a trivial or a subdirectly irreducible algebra with
non–Abelian monolith. If A ∈ V is a finite algebra with largest solvable congruence
ρ that is comparable with all congruences of A and such that A/ρ ' D then A '
D[M ] for some D–expanded module M from VD. Conversely, for M ∈ VD we have
D[M ] ∈ V ∗ D. Moreover, if ρ is the largest solvable congruence of D[M ], then
D[M ]/ρ ' D and MD[M ](ρ) 'M.

Proof. First note that if A satisfies the assumptions of our theorem, then A ∈ V∗D.
Indeed, if ϕ is a minimal meet–irreducible congruence of A then ϕ ⊆ ρ. Thus A/ϕ
is a subdirectly irreducible (or trivial) algebra that has D as a homomorphic image
and therefore A/ϕ ∈ V ∗ D. Consequently A ∈ V ∗ D as a subdirect product of
subdirectly irreducibles from V ∗D.

Moreover, by Lemma 3, A ' D
[
MA(ρ)

]
. We need to show that MA(ρ) ∈ VD.

Obviously, for each minimal meet–irreducible congruence ϕ of A the congruence
ρ/ϕ is the largest solvable congruence of A/ϕ. By (m.3.1) and (m.3.2), each
solvable congruence in any algebra from V is Abelian. Therefore we can form an
RD–module MA/ϕ(ρ/ϕ) and, since A/ϕ is subdirectly irreducible, then by the

definition of VD, we know that a D–expanded RD–module MA/ϕ(ρ/ϕ) belongs to

VD. Thus it suffices to show that MA(ρ) is (isomorphic to) a subdirect product
of the MA/ϕ(ρ/ϕ)’s. It should be clear that the mapping µϕ that sends a vector
(u0, . . . , un−1) of MA(ρ) to (u0/ϕ, . . . , un−1/ϕ) ∈MA/ϕ(ρ/ϕ) is a homomorphism
of RD–modules. The remark made just after the proof of Lemma 3, makes it clear
that MA/ϕ(ρ/ϕ) is isomorphic to the D–expansion of MA/ϕ(ρ/ϕ) by the constants

µϕ
(
f (MA(ρ))(d1, . . . , dk)

)
’s. Consequently µϕ can be treated as a homomorphism

of D–expanded RD–modules. Now, since the µϕ’s separate points of MA(ρ) then
we can finish the proof of the first part of theorem.

To see the second part denote by K the set of generators of VD described in the
definition of VD. Now note that each D–expanded module from VD is a homomor-
phic image of a subdirect product of D–expanded modules from K. Directly from
the definition of K and the proof of Lemma 3 we know that D[M ] belongs to V ∗D
for each M ∈ K.

Now, let M be a subdirect product of some D–expanded modules Mi, (i ∈ I)
from K. We will show that D[M ] is a subdirect product of the D[Mi]’s. The
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subdirect embedding is given by

D[M ] 3 (d, (mi)i∈I) 7−→ ((d,mi))i∈I ∈
∏
i∈I

D[Mi].

To establish the last claim we only need to check that all projections of the form
D[M ] −→ D[Mi] are surjective. This means that given (d,m) ∈ D[Mi] there is
m = (mi)i∈I ∈ M such that (d,m) ∈ D[M ] and mi = m. Since M is a subdirect
product of the Mi’s then there is n ∈ M with ni = m. Put m = e[d] · n, and
observe, using (d,m) ∈ D[Mi], that mi = (e[d] · n)i = e[d] · ni = e[d] · m = m.
Moreover, since e[d] is an idempotent of the ring RD, then e[d] ·m = m, which
gives (d,m) ∈ D[M ], as required. Consequently, D[M ] is a subdirect product of
the D[Mi]’s from V ∗D and thus D[M ] belongs to V ∗D.

Finally, let M,N ∈ VD be such that D[M ] ∈ V ∗D and let h : M −→ N be a
surjective homomorphism of D–expanded RD–modules. Then the mapping

h : D[M ] 3 (d,m) 7−→ (d, h(m)) ∈ D[N ]

is a surjective homomorphism and therefore D[N ] ∈ V ∗D.
Before proving the last part we need some preparations.
Let D = {d1, . . . , ds}.
For each (k–ary) term t of V , using elements f (j)[di1 , . . . , dil ] ∈ RD and constants

f (M)(di1 , . . . , dil) of the language of D–expanded RD–modules, we can compute
t(j)[di1 , . . . , dik ] ∈ RD and constant terms t(M)(di1 , . . . , dik) (in the language of
VD) such that for any A ∈ V ∗D and an Abelian congruence β of A with A/β ' D
we have

t(a1, . . . , ak) =

k∑
j=1

t(j)[di1 , . . . , dik ] · aj + t(MA(β))(di1 , . . . , dik)

whenever a1 ∈ di1/β, . . . , ak ∈ dik/β.
Assume now that M ∈ VD and ρ is the largest solvable congruence of D[M ].
First we want to show that D[M ]/ρ ' D. Directly from the definition of the

operations of D[M ] we know that the mapping

D[M ] 3 (d,m) 7−→ d ∈ D
is a homomorphism. Since it is surjective it suffices to show that ρ is its kernel.
As D is trivial or subdirectly irreducible with a non–Abelian monolith then ρ is
contained in this kernel. Moreover, it should not be difficult to check that the
definition of the fundamental operations of D[M ] extends to arbitrary terms, i.e.
in D[M ] we have

t
(
(d1,m1), . . . , (dk,mk)

)
=

t(d1, . . . , dk) ,
k∑
j=1

t(j)[d1, . . . , dk] ·mj + t(M)(d1, . . . , dk)

 .

This allows us to claim that the considered kernel satisfies the term condition and
therefore it is an Abelian congruence of D[M ]. Consequently it is contained in ρ.

It remains to show that MD[M ](ρ) 'M. Consider the mapping

h : M 3 m 7−→ ((d1, e(d1) ·m), . . . , (ds, e(ds) ·m)) ∈MD[M ](ρ).

Since the e[di]’s are idempotent, h is well defined. Using the fact that the e[di]’s
are pairwise orthogonal and sum to the unit of RD we get that h is bijective. It
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should be obvious that h preserves module addition. The proof that it preserves
multiplication by scalars from the ring RD needs more effort. First we will show
that certain identities holds in VD.

Assume that t = t(v0, v1, . . . , vs) ∈ vp/θq, i.e. V satisfies the identity

t(vq , v1, . . . , vs) = vp.

Let MA(β) be a generator of the variety VD. Then in particular we assume that
there is a surjective homomorphism ι : A −→ D with kernel β. Let MA(β) be
represented as a product MA(β, a1) × . . . ×MA(β, as) and ι(ai) = di for all i =
1, . . . , s. Since t(dq , d1, . . . , ds) = dp then t(M)(dq, d1, . . . , ds) = (a1, . . . , as) is the
zero element of the module MA(β). Therefore for each t ∈ vp/θq the equation

t(M)(dq, d1, . . . , ds) = 0

holds in VD.
Now for a vector m = (m1, . . . ,ms) ∈ MA(β) with at most one non–zero entry

mq, (i.e. mj = aj for j 6= q) we have

t(mq, a1, . . . , as) =
(
t(0)[dq, d1, . . . , ds] ·m

)
p
.

This gives that for all m ∈ MA(β) the vector t(0)[dq, d1, . . . , ds] · e[dq] ·m has at
most one non–zero coordinate that is equal to t(mq, a1, . . . , as) and occurs in the
p–th position.

On the other hand, if t denotes the matrix in RD whose (p, q)–th entry is t/[θq, θq]
and whose other entries are zero, then

t ·m =

 s∑
j=1

(t)1j ·mj , . . . ,
s∑
j=1

(t)sj ·mj


is the vector with at most one non–zero entry (in p–th position) which is equal to
(t)pq ·mq = (t/[θq, θq]) ·mq = t(mq, a1, . . . , as). Thus we have shown that MA(β),
and therefore the variety VD, satisfies the identity

t · x = t(0)[dq, d1, . . . , ds] · e[dq] · x
whenever t ∈ vp/θq.

Now we are ready to return to the proof that h(r · m) = r · h(m). Since h is
additive and r =

∑s
i,j=1 e[di] · r ·e[dj] then it suffices to consider matrices r with at

most one non–zero entry, that is matrices of the form r = t for some p, q = 1, . . . , s
and t ∈ vp/θq. Since t = e[dp] · t, the element e[dp] is idempotent and e[di]’s are
pairwise orthogonal then

h(t ·m) =
(
(d1, 0), . . . , (dp, t ·m), . . . , (ds, 0)

)
.

On the other hand t · h(m) is a vector with zeros in all coordinates but the p-th,
where (t/[θq, θq]) · (dq, e[dq] ·m) occurs. However,

(t/[θq, θq]) · (dq, e[dq] ·m) = t((dq , e[dq] ·m), (d1, 0), . . . , (ds, 0))

=
(
t(dq, d1, . . . , ds) , t(0)[dq, d1, . . . , ds] · e[dq] ·m+ t(M)(dq, d1, . . . , ds)

)
which, in view of t ∈ vp/θq and the identities that were previously shown to hold
in VD, is equal to (dp, t ·m). Consequently t · h(m) = h(t ·m) and therefore h is a
module isomorphism.
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The reader should find no difficulty in establishing that whenever

di0 = f(di1 , . . . , dik)

and j 6= i0 then the identities e[di0 ] · f (M)(di1 , . . . , dik) = f (M)(di1 , . . . , dik) and
e[dj ] · f (M)(di1 , . . . , dik) = 0 hold in VD, and then checking that h preserves the

constants of the form f (M)(di1 , . . . , dik) which is the last step in proving that h is
an isomorphism of D–expanded modules.

Our next goal is to generalize the construction of D[M ] described in Definition
2 in such a way that each finite algebra from a variety satisfying the conditions
(m.1)–(m.3) can be represented by this new construction.

Definition 6. Assume that D belongs to a congruence modular variety V , T is
a poset and let Θ : T −→ Con(D) be a monotonic mapping. The symbol Θ
will also be used to denote the congruence of DT which is obtained as a product
of congruences {Θt : t ∈ T}. Assume moreover that for each t ∈ T and for each
fundamental operation f we are given mappings

et : D/Θt −→ R(V ∗ (D/Θt), |D/Θt|),
f

(j)
t : (D/Θt)

k −→ R(V ∗ (D/Θt), |D/Θt|),
satisfying the conditions of the Definition 1 (under some, previously chosen, num-
bering of the elements of D).

By a (V ,D, T,Θ)–admissible family of modules we mean a family M = {Mt :
t ∈ T }, in which each Mt is a (D/Θt)–expanded R(V ∗ (D/Θt), |D/Θt|)–module.

For each (V ,D, T,Θ)–admissible family M of modules the set D[T,Θ,M ] con-
sisting of all elements

((dt/Θt,mt))t∈T ∈
∏
t∈T

(D/Θt)[Mt]

satisfying:

(0) for each d ∈ D the set {t ∈ T : (dt, d) ∈ Θt} is closed upward,

is a subuniverse of the product ∏
t∈T

(D/Θt)[Mt].

Thus in the corresponding algebra D[T,Θ,M ] the operations are given by

f
(
(d1
t /Θt,m

1
t )t∈T , . . . , (d

k
t /Θt,m

k
t )t∈T

)
=

(
f(d1

t . . . d
k
t )/Θt ,

k∑
j=1

f
(j)
t

[
d1
t /Θt, . . . , d

k
t /Θt

]
·mj

t + f
(M)
t (d1

t /Θt, . . . , d
k
t /Θt)

)
t∈T

,

where the element f
(M)
t (d1

t /Θt, . . . , d
k
t /Θt) is the interpretation of the constant

f (M)(d1
t , . . . , d

k
t ) in the D/Θt–expanded module Mt.

Since there is a natural bijection between the sets
∏
t∈T (Dt/Θt ×Mt) and

DT /Θ ×
∏
t∈T Mt we will identify D[T,Θ,M ] with its image under this bijection,

i.e. with the set of all pairs

(α/Θ,m) ∈ DT /Θ×
∏
t∈T

Mt
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satisfying

(1) for each d ∈ D the set
[[
α

Θ≡ d
]]

= {t ∈ T : (αt, d) ∈ Θt} is closed upward,

(2) (αt/Θt,mt) ∈ (D/Θt)[Mt] for all t ∈ T,
The above construction is actually a generalization of the so-called reduced sub-

power introduced by the author in [10], where (implicitly) only the situation with
trivial modules was considered. The reader is referred there for the hint of the proof
that D[T,Θ,M ] is a subuniverse of

∏
t∈T (D/Θt)[Mt] and that the condition (0) is

equivalent to

(0’) if t, s ∈ T are such that t ≤ s then (dt, ds) ∈ Θs.

In section 5 we will show that all finite algebras from a variety V satisfying the
conditions (m.1)–(m.3) can be represented as D[T,Θ,M ] where D is a fixed finite
algebra from V , T ranges over finite dual trees and M over T –indexed families of
(D/Θt)–expanded RD/Θt

–modules from VD/Θt
.

The next section is devoted to a reduction of the decidability of the class

{D[T,Θ,M ] : T ∈ T and Mt ∈M}
to the decidability of the monadic second order theory of posets from T and the
decidability of the first order theory of modules fromM.

3. The Translation Theorem

In this section we are going to describe a translation of a given first order alge-
braic language of finite type into a monadic second order language of posets with
a distinguished sequence of subsets. Our present translation is a generalization of
one described in [10].

First of all, for any algebra D we define a monadic second order language L∗D,
which consists of a binary predicate symbol ≤ and a sequence Ta,b, with a, b ∈ D,
of unary predicate symbols treated as constants of the second order. Now, by
a D–poset we mean a structure of the language L ∗ D, i.e. the sequence T =
(T ;≤, Ta,b : a, b ∈ D), satisfying the following axioms:

(i) ≤ is a partial order on the nonempty set T,
(ii) {Ta,b : a, b ∈ D} is a family of subsets of T such that for every natural

number k, every k–ary fundamental operation f of the algebra D and all
a, b, c, a1, . . . , ak, b1, . . . , bk ∈ D, the following conditions hold:

(ii.0) Ta,b is a closed upward subset of T,
(ii.1) Ta,a = T,
(ii.2) Ta,b = Tb,a,
(ii.3) Ta,b ∩ Tb,c ⊆ Ta,c,
(ii.4) Ta1,b1 ∩ . . . ∩ Tak,bk ⊆ Tf(a1,... ,ak),f(b1,... ,bk).

It is clear that the above axioms can be expressed in the monadic second order
language L ∗D. Thus defining a dual tree as a poset satisfying

∀x∀y∀z (z ≤ x & z ≤ y) ⇒ (x ≤ y ∨ y ≤ x),
we have

Lemma 7. If D is a finite algebra of finite type then the class of all D–posets is
finitely axiomatizable in the language L∗D. In particular the class of all finite dual
D–trees is finitely axiomatizable relative to the class of all finite dual trees.
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Next we observe that any D–poset T is “the same thing” as a monotonic function
of the form Θ : T −→ Con(D) .

Lemma 8. The structure T of the language L ∗ D is a D–poset iff there is a

monotonic function Θ : T −→ Con(D) such that for every a, b ∈ D, the set
[[
a

Θ≡ b
]]

defined as {t ∈ T : (a, b) ∈ Θt} is equal to Ta,b.

Proof. For a monotonic mapping Θ : T −→ Con(D) the family{[[
a

Θ≡ b
]]

: a, b ∈ D
}

of subsets of T satisfies the conditions (ii.0)–(ii.4). Conversely, for a D–poset T the
mapping

Θ : T −→ Con(D) ,

defined by

Θt = {(a, b) ∈ D ×D : t ∈ Ta,b}
does the job.

With the above lemma in mind we can identify any D–poset with a mono-
tonic function of the form Θ : T −→ Con(D) , and vice versa. Consequently by a
(V ,D,T)–admissible family of modules we mean a (V ,D, T,Θ)–admissible family
and D[T,M ] is used to denote the algebra D[T,Θ,M ]. Although we should write
all formulas about D–posets in the language L∗D, sometimes it is more convenient
to use the corresponding map Θ instead of the family {Ta,b : a, b ∈ D}.

By a D–expanded module language, LM ∗D, we mean the first order language
of D–expanded RD–modules. In LM ∗D we have in particular unary functional
symbols e[d], f (j)[d1, . . . , dk], as well as constants f (M)(d1, . . . , dk), for all k–ary
fundamental operations f , all j = 1, . . . , k and all elements d, d1, . . . , dk ∈ D.

Now, if ϕ = ϕ(x1, . . . , xk) is a D–expanded module formula and M a (V ,D,T)–
admissible family of modules then for t ∈ T by ϕt we mean a first order for-
mula in the language of (D/Θt)–expanded R(V ∗ (D/Θt), |D/Θt|)–modules with
the symbols e[d], f (j)[d1, . . . , dk] and f (M)(d1, . . . , dk) interpreted by et[d/Θt],

f
(j)
t [d1/Θt, . . . , dk/Θt], and f

(M)
t (d1/Θt, . . . , dk/Θt), respectively.

Moreover, for m1, . . . ,mk ∈
∏
t∈T Mt we put[[

ϕ[m1, . . . ,mk]
]]

=
{
t ∈ T : Mt |= ϕt

[
m1
t , . . . ,m

k
t

]}
.

The proof of the next lemma is left to the reader.

Lemma 9. Let D be a finite algebra from a congruence modular variety V and
D = {d1, . . . , dm}. Then, for every D–poset T, every (V ,D,T)–admissible family
M of modules, every k–ary fundamental operation f of D and all

(α0/Θ,m0), . . . , (αk/Θ,mk) ∈ D[T,Θ,M ],

we have

D[T,Θ,M ] |= (α0/Θ,m0) = f
(
(α1/Θ,m1), . . . , (αk/Θ,mk)

)
if and only if

k⋂
j=1

[[
αj

Θ≡ dij
]]
⊆

m0 =

k∑
j=1

f (j)[di1 , . . . , dik ] ·mj + f (M)(di1 , . . . , dik)


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for all i1, . . . , ik ∈ {1, . . . ,m}, and

k⋂
j=1

[[
αj

Θ≡ dij
]]
⊆
[[
α0 Θ≡ di0

]]
,

whenever i0, . . . , ik ∈ {1, . . . ,m} are such that f(di1 , . . . , dik) = di0 .

Now we are in a position to prove the following Feferman–Vaught like theorem.

Theorem 10. Let V be a congruence modular variety and D ∈ V be a finite al-
gebra with elements d1, . . . , dm. Then there is an effective procedure which with
every formula ϕ(x0, . . . , xk) in the language of D associates a companion sequence
(Φ;ϕ1, . . . , ϕn) in which

Φ = Φ(U0,1, . . . , U0,m, . . . , Uk,1, . . . , Uk,m, V1, . . . , Vn)

is a monadic second order formula of D–posets (with free variables among the listed
ones, all of which are monadic second order), and for each l = 1, . . . , n

ϕl = ϕl(x0, . . . , xk)

is a D–expanded module formula such that for any D–poset T, any (V ,D,T)–
admissible family M = {Mt : t ∈ T} of modules and all

(α0/Θ,m0), . . . , (αk/Θ,mk) ∈ D[T,Θ,M ]

we have
D[T,Θ,M ] |= ϕ

[
(α0/Θ,m0) , . . . , (αk/Θ,mk)

]
if and only if

T |= Φ
[
. . . , Ui,j/

[[
αi

Θ≡ dj
]]
, . . . , Vl/

[[
ϕl[m0, . . . ,mk]

]]
, . . .

]
.

Proof. Without loss of generality we can define the companion sequences (Φ;ϕ1,
. . . , ϕn) only for such formulas ϕ which are built from atomic formulas of the form
x0 = x1 or x0 = f(x1, . . . , xk), where f is a fundamental operation of D, by using
negation, disjunction and existential quantification.

For a formula ϕ = ϕ(x0, x1) ≡ (x0 = x1) define a companion sequence (Φ;ϕ1)
by putting ϕ1(x0, x1) ≡ (x0 = x1) and

Φ(U0,1, . . . , U0,m, U1,1, . . . , U1,m, V1) ≡ ∀t

 V1(t) &

m∧
j=1

(U0,j(t)⇔ U1,j(t))

 .

Next, let ϕ be an atomic formula f(x1, . . . , xk) = x0. Then take n = mk, and

for any i = (i1, . . . , ik) ∈ {1, . . . ,m}k put

ϕi(x0, . . . , xk) ≡

 x0 =

k∑
j=1

f (j)[di1 , . . . , dik ] · xj + f (M)(di1 , . . . , dik)

 ,

while Φ(. . . , Ui,j, . . . , Vi, . . . ) is to be defined as a conjunction of all formulas of the
form

∀t ( U1,i1(t) & . . . & Uk,ik(t) )⇒ Vi(t),

where i = (i1, . . . , ik) ranges over {1, . . . ,m}k, together with the conjunction of
all formulas of the form

∀t ( U1,i1(t) & . . . & Uk,ik(t) )⇒ U0,i0(t),
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with i0, . . . , ik ∈ {1, . . . ,m} such that f(di1 , . . . , dik) = di0 .
If ϕ ≡ ¬ψ and (Ψ ; ψ1, . . . , ψn) is the companion sequence for ψ then the

companion sequence for ϕ is defined as(
¬Ψ(. . . , Ui,j , . . . ,¬Vl, . . . ) ; ¬ψ1, . . . ,¬ψn

)
.

Now, if (
Ψl(. . . , Ui,j , . . . , V

l
1 , . . . , V

l
nl

) ; ψl1, . . . , ψ
l
nl

)
is a companion sequence for ψl, l = 1, 2, then take(

Ψ ; ψ1
1 , . . . , ψ

1
n1
, ψ2

1 , . . . , ψ
2
n2

)
to be the companion sequence for ϕ ≡ ψ1 ∨ ψ2, where

Ψ ≡ Ψ(. . . , Ui,j, . . . , V1, . . . , Vn1+n2)

is the disjunction

Ψ1(. . . , Ui,j, . . . , V1, . . . , Vn1) ∨Ψ2(. . . , Ui,j , . . . , Vn1+1, . . . , Vn1+n2).

Finally, let ϕ be the formula ∃x0 ψ(x0, x1, . . . , xk) and let (Ψ ; ψ1, . . . , ψn) be
the companion sequence for ψ. Then for all S ⊆ {1, . . . , n} and j = 1, . . . ,m define
a D–expanded module formula ϕS,j(x1, . . . , xk) to be

∃x0

 ∧
p∈S

ψp(x0, . . . , xk) &
∧
p6∈S
¬ψp(x0, . . . , xk) & e[dj ] · x0 = x0

 .

Moreover put Φ (. . . , Ui,j , . . . , VS,j , . . . ) to be the formula

∃U0,1, . . . , U0,m∃{WS}S⊆{1,... ,n}

(
Adm(U0,1, . . . , U0,m) & Part{WS}

&
∧
S,j

(
U0,j ∩WS ⊆ VS,j

)
& Ψ

(
Vp ←

⋃
p∈S

WS

))
.

Here Adm(U1, . . . , Um) expresses that T is a join of closed upward subsets
U1, . . . , Um, which satisfy Ui ∩ Uj ⊆ Tdi,dj , and Tdi,dj ∩ Uj ⊆ Ui, for all i, j =
1, . . . ,m, while Part{WS} is a formula asserting that the set {WS}S⊆{1,... ,m} is a

partition of T, and Ψ
(
Vp ←

⋃
p∈SWS

)
is the formula obtained from Ψ by replacing

each subformula of the form Vp(t) by the disjunction
∨
p∈SWS(t).

Finally put
(
Φ ; . . . , ϕS,j, . . .

)
to be the companion sequence for ϕ.

By induction one can show that the above defined sequences satisfy the condi-
tion of our theorem. To see this for atomic formulas just recall Lemma 9. The
straightforward but laborious induction step is left to the reader.

From the above theorem we get

Corollary 11. Let D be a finite algebra from a congruence modular variety V of fi-
nite type and C ⊆ Con(D) be a set of congruences of D such that for each α ∈ C we
are given a finitely decidable class K(D/α) of (D/α)–expanded R(V∗(D/α), |D/α|)–
modules. Assume moreover that T is a class of D–posets with decidable monadic
second order theory and such that each congruence of the form

Θt = {(a, b) ∈ D ×D : t ∈ Ta,b}, with t ∈ T ∈ T ,
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belongs to C. Let D be the class of all algebras of the form D[T,M ], where M is a
(V ,D,T)–admissible family of finite modules with Mt ∈ K(D/Θt). Then the first
order theory of the class D is decidable.

Proof. Let (Φ′;ϕ′1, . . . , ϕ
′
n) be a companion sequence for a sentence ϕ as described

in Theorem 10. It is routine to write down a new companion sequence (Φ;ϕ1, . . . ,
ϕm), where m = 2n, and ϕ1, . . . ϕ2n are the various conjuncts ϕ1 ∧ . . . ∧ ϕn, with
ϕi being either ϕi or ¬ϕi, and such that for any D[T,M ] ∈ D

D[T,M ] |= ϕ iff T |= Φ([[ϕ1]] , . . . , [[ϕm]]).

Using the finite decidability of each class of the form K(D/α), α ∈ C, we can
effectively compute the sets C1, . . . , Cm ⊆ C, where

Cj = {α ∈ C : K(D/α) |= ¬ϕj}.

Now, let Consj(X) be the following monadic second order formula in the language
of D–posets:

Consj(X) ≡ ∀t

X(t)⇒
∧
α∈Cj

 ∨
(a,b)∈α

¬Ta,b(t) ∨
∨

(a,b)∈D×D−α
Ta,b(t)

 .

Observe that for a D–poset T = (T,Θ) and X ⊆ T

T |= Consj(X) iff ∀t ∈ X (Θt 6∈ Cj).

To decide whether ϕ ∈ Th(D) consider the sentence

Φ ≡ ∀X1, . . . , Xm

Part{X1, . . . , Xm}&
m∧
j=1

Consj(Xj)⇒ Φ(X1, . . . , Xm)


for which we claim that

D |= ϕ iff T |= Φ.

To see this, first assume that D 6|= ϕ. Then there is a D–poset (T,Θ) ∈ T and a
(V ,D, T,Θ)–admissible family M = {Mt : t ∈ T} of modules with Mt ∈ K(D/Θt)
such that D[T,Θ,M ] 6|= ϕ. By Theorem 10 we get (T,Θ) 6|= Φ ([[ϕ1]] , . . . , [[ϕm]]).
However the sets [[ϕ1]] , . . . , [[ϕm]] form a partition of T and from our construction
of the Cj ’s we know that (T,Θ) |= Consj([[ϕj ]]). This means that Φ fails to hold
in (T,Θ).

To see the converse, assume that D |= ϕ, take (T,Θ) ∈ T and fix a partition
X1, . . . , Xm of T satisfying in addition Consj(Xj) for all j = 1, . . . ,m.

For each t ∈ T there is a unique j = 1, . . . ,m with t ∈ Xj . However Consj(Xj)
gives Θt 6∈ Cj i.e. for each t ∈ T we can find a (D/Θt)–expanded module Mt ∈
K(D/Θt) such that Mt |= ϕj .

Let M = {Mt : t ∈ T}. Our assumption D |= ϕ gives D[T,Θ,M ] |= ϕ and con-
sequently (T,Θ) |= Φ([[ϕ1]] , . . . , [[ϕm]]). On the other hand from our construction
it follows that Xj ⊆ [[ϕj ]], which, together with the facts that both the Xj’s and
[[ϕj ]]’s form partitions of T , gives Xj = [[ϕj ]] and therefore Φ(X1, . . . , Xm) holds in

(T,Θ). This means that Φ holds in T as required.
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4. Distributive Skeleton of Congruences

In this section we fix a finitely generated variety V satisfying the conditions
(m.1)–(m.3.5) of the Main theorem. We start with recalling that each finite
algebra A has a largest solvable congruence which is to be called the solvable
radical of A and denoted by radA.

Lemma 12. Let A be a finite algebra from a congruence modular variety V satis-
fying (m.3). Then we have:

(12.1) if radA = 0 then Con(A) has no Abelian quotients,
(12.2) if δ ∈ Con(A) then rad(A/δ) = (δ ∨ radA)/δ,
(12.3) if δ is a meet irreducible congruence of A then (δ ∨ radA)/δ is the

centralizer of the monolith of the subdirectly irreducible algebra A/δ,
(12.4) the interval I[radA, 1] is a distributive sublattice of Con(A) .

Proof. To see (12.1) assume to the contrary that in the variety there is a finite
algebra A with trivial radical and an Abelian congruence quotient. Fix a minimal
congruence α of A having a cover β which is Abelian over α. Since radA = 0
then α 6= 0 and thus there is a subcover γ ≺ α. Using the minimality of α we
know that α is not Abelian over γ. Choose ϕ to be a maximal (meet irreducible)
congruence of A with γ ≤ ϕ and α 6≤ ϕ. Then ϕ ∧ α = γ, which means that the
interval I[γ, α] transposes up to I[ϕ, ϕ ∨ α] and consequently the algebra A/ϕ has
non-Abelian monolith. Therefore the centralizer of the monolith of A/ϕ is trivial
and, by (m.3.4) and (m.3.5) there are no Abelian quotients over ϕ. This gives
that ϕ ∧ β > γ as otherwise I[α, β] transposes up to I[α ∨ ϕ, β ∨ ϕ] which means
that the last interval is Abelian. However (ϕ ∧ β) ∨ α belongs to the two element
interval I[α, β] and the supposition that (ϕ ∧ β) ∨ α = α would give ϕ ∧ β = γ.
Therefore (ϕ∧ β)∨α = β and thus I[α, β] transposes down to I[γ, ϕ∧ β] implying
the Abelianity of the last interval. This contradicts our choice of α and proves
(12.1).

Now note that radA∨ δ is solvable over δ. This proves one inequality in (12.2).
To see the converse one, observe that assuming that radA∨ δ has a cover which is
Abelian over radA∨ δ we get an Abelian interval of congruences in the radical-free
algebra A/ radA, which contradicts (12.1).

The third item (12.3) follows directly from (12.2) and (m.3.1).
To see the last claim, note that if I[radA, 1] contains a diamond with g.l.b. α

and l.u.b. β then β is Abelian over α, which contradicts (12.1).

Now we collect some equations on congruence lattices of finite algebras from V
which are expressible in the language of lattices endowed with an additional binary
operation of commutator of congruences which, from now on, will be denoted by a
juxtaposition and thus x2 denotes [x, x].

Lemma 13. The congruences of every finite algebra from V satisfy the following
equations:

(13.1) x ∧ y2 = (x ∧ y)y,
(13.2) xy = (x ∧ y2) ∨ (x2 ∧ y),
(13.3) xy = x ∧ y ∧ (x ∨ y)2,
(13.4) x2x2 = x2,
(13.5) (x ∨ y)2 = x2 ∨ y2,
(13.6) (x2 ∨ y2)2 = x2 ∨ y2,
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(13.7) x2 ∧ y2 = x2y2,
(13.8) x2 ∧ y = x2y,
(13.9) (x2 ∧ y2)2 = x2 ∧ y2,

(13.10) (x ∧ y)2 = x2 ∧ y2,
(13.11) (xy)z = x(yz),
(13.12) (xy)2 = x2y2.

Proof. The identity (13.1) was shown by R.Freese and R.McKenzie [7] to be equiv-
alent (in finitely generated congruence modular varieties) to the assumption that
the variety is residually small. Items (13.2) and (13.3) are equational consequences
of (13.1) and modularity. The equation (13.4) means that each solvable congruence
of a finite algebra from V is Abelian. This fact, in turn, follows easily from (m.3.1)
and (m.3.2). Items (13.5)–(13.8) are clear in view of (13.1)–(13.4). Analogously
(13.10)–(13.12) are equational consequences of the previous equations.

Thus to finish the proof we need to show that (13.9) holds. However in view of
(13.4) we have only to prove that

(x ∧ y)2 = x ∧ y whenever x2 = x and y2 = y.

Suppose to the contrary that we have a finite algebra A ∈ V and two congruences
α, β of A such that α2 = α, β2 = β and (α ∧ β)2 < α ∧ β. Take η such that
(α ∧ β)2 ≤ η ≺ α ∧ β and let ξ be a maximal congruence lying over η but not over
α∧β. Obviously A/ξ is subdirectly irreducible with monolith ((α∧β)∨ξ)/ξ. Since

((α ∧ β) ∨ ξ)2 = (α ∧ β)2 ∨ ξ2 ≤ η ∨ ξ = ξ

then the monolith of A/ξ is Abelian. Denoting by ρ the largest solvable congruence
of A, which has to be Abelian, and applying (12.3) we know that the centralizer
of the monolith of A/ξ is ρ ∨ ξ/ξ and therefore, by the condition (m.3.4), the
congruences of A above ρ∨ ξ form a chain. Thus without loss of generality we can
assume that α ∨ ρ ∨ ξ ≤ β ∨ ρ ∨ ξ, which gives

α = α2 ≤ (β ∨ ρ ∨ ξ)2 = (β ∨ ξ)2 ∨ ρ2 ≤ β ∨ ξ.
Now we have

α = α2α ≤ α2(β ∨ ξ) = α2β ∨ α2ξ = (α2 ∧ β) ∨ (α2 ∧ ξ) = (α ∧ β) ∨ (α ∧ ξ) ≤ α,
i.e. (α ∧ β) ∨ (α ∧ ξ) = α, and, by the choice of η and ξ,

(α ∧ β) ∧ (α ∧ ξ) = η

which means that the interval I[η, α∧β] transposes up to I[α∧ ξ, α]. Since α∧β is
Abelian over η then α is Abelian over α ∧ ξ and consequently we get the following
contradiction

α = α2 ≤ α ∧ ξ < α,

which finishes the proof of (13.9).

In the following we need an additional binary operation→ in a congruence lattice.
Given an algebra A from a congruence modular variety and two of its congruences
α, β we put α → β to be the largest congruence θ of A such that αθ ≤ β. The
congruence α→ β is called in [7] a centralizer of α over β.

We will freely use the following properties of centralizers, the proofs of which are
straightforward.

• (α ∨ β)→ γ = (α→ γ) ∧ (β → γ),
• γ → (α ∧ β) = (γ → α) ∧ (γ → β),
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• β ≤ α→ β,
• αβ → γ = α → (β → γ), provided the commutator multiplication is asso-

ciative.

The main goal of this section is to select, for every finite algebra A ∈ V , a
separating set of congruences that satisfy certain distributivity conditions. This set
is to be used in representing A by the construction described in Definition 6.

Let us start with a fixed finite algebra A ∈ V . By Cm(A) we denote the set
of all non–unit meet irreducible congruences of A. Let ρ be the largest solvable
congruence of A, which in view of (m.3.1) and (m.3.2) is Abelian. Moreover,
by (m.3.4)–(m.3.5), we know that the interval I[ρ, 1] is a distributive lattice in
which the set T of meet irreducible members is a dual tree. Put T+ = T ∪ {1}.
Now we see that each member ϕ of T has a unique cover, say ϕ+, in T+, which is
also a unique cover in Con(A) . Finally for each ϕ ∈ T+ we define a congruence ϕ
of A by putting

1. 1 = 12,
2. ϕ = ϕ2

+ → ϕ2, for ϕ ∈ T.
We state some properties of the family {ϕ : ϕ ∈ T+} in the following

Lemma 14. For each ϕ, ϕ1, ϕ2 ∈ T+ the following hold:

(14.1) ϕ2 ≤ ϕ ≤ ϕ,
(14.2) ϕ = ϕ or ϕ→ ϕ = ϕ,
(14.3) if ϕ 6= 1 then ϕ+ → ϕ = ϕ,
(14.4) ϕ2 ∨ ρ = ϕ ∨ ρ = ϕ,
(14.5) ϕ2

1 ≤ ϕ2
2 iff ϕ1 ≤ ϕ2,

(14.6) if ϕ 6= 1 then ϕ ∧ ϕ2
+ = ϕ2,

(14.7) if ϕ 6= 1 then ϕ ∨ ϕ2
+ = ϕ+,

(14.8) if ϕ1 < ϕ2 then ϕ1 ∨ ϕ2
2 = ϕ2,

(14.9) I[ϕ, 1] = I[ϕ, ϕ] ∪ I[ϕ, 1],
(14.10) if ϕ1 6= ϕ2 then ϕ1 ∨ ϕ2 = ϕ1 ∨ ϕ2,

(14.11)
⋂
ψ≥ϕ

ψ = ϕ2,

(14.12)
⋂
ϕ∈T+

ϕ = 0.

Proof. The first inequality in (14.1) follows directly from the definition. As for
ϕ ≤ ϕ note that it is obvious for ϕ = 1 and for ϕ 6= 1 that we have ϕ = ϕ2

+ →
ϕ2 ≤ ϕ2

+ → ϕ = ϕ, where the last equality holds, as otherwise ϕ < ϕ2
+ → ϕ, i.e.

ϕ+ ≤ ϕ2
+ → ϕ and consequently ϕ+ would be Abelian over ϕ.

Now note that (14.2) holds for ϕ = 1. Thus assume that ϕ 6= 1 and ϕ→ ϕ 6= ϕ,
which actually means ϕ+ ≤ ϕ → ϕ. Using (13.4) and (13.11) we get ϕ2

+ϕ =
ϕ+ϕϕ

2
+ ≤ ϕ2 and consequently ϕ ≤ ϕ.

To see (14.3) note only that ϕ+ → ϕ = ϕ+ → (ϕ2
+ → ϕ2) = (ϕ+ϕ

2
+) → ϕ2 =

ϕ2
+ → ϕ2 = ϕ.
As for (14.4) note that ϕ2 ∨ ρ ≤ ϕ ∨ ρ ≤ ϕ. However, if ϕ2 ∨ ρ < ϕ then there

is a meet irreducible congruence ψ ≥ ρ such that ϕ2 ≤ ψ and ϕ 6≤ ψ. This gives
that ϕ ∨ ψ is Abelian over ψ, which in view of (m.3.5), means that ϕ ∨ ψ = ψ, a
contradiction.

The equivalence (14.5) is an immediate consequence of (14.4), while (14.6) follows
directly from the definition of ϕ and (13.8).



922 PAWE L M. IDZIAK

The proof of (14.7) is more laborious. Fix the smallest, with respect to cardinal-
ity, finite algebra A ∈ V having a meet irreducible congruence ϕ above the radical
ρ of A such that ϕ ∨ ϕ2

+ < ϕ+. Then obviously ϕ = 0 and ϕ = ρ. Moreover ϕ < ϕ,

as otherwise ϕ ∨ ϕ2
+ = ϕ ∨ ϕ2

+ ≥ ϕ and for ϕ ∨ ϕ2
+ = ϕ we would get that ϕ+

is Abelian over ϕ. We are going to show that A is subdirectly irreducible. Thus
assume to the contrary that Con(A) has at least two different atoms, say α1, α2.
Obviously we have

α1 ∧ α2 = ϕ.

Moreover,

αi ≤ ϕ,
as otherwise αiϕ ≤ αi ∧ ϕ = ϕ, i.e., by (14.2) and ϕ < ϕ, αi ≤ ϕ→ ϕ = ϕ.

We also have

αi ≤ ϕ2
+,(1)

for if not, then ϕ = αi ∧ ϕ2
+ = αiϕ

2
+ and consequently αi ≤ ϕ2

+ → ϕ = ϕ = 0.
Now we put ξi = ϕ2

+ → αi and observe that

ξ1 ∧ ξ2 = (ϕ2
+ → α1) ∧ (ϕ2

+ → α2) = ϕ2
+ → (α1 ∧ α2) = ϕ2

+ → ϕ = ϕ.

Since ξi corresponds to ϕ/αi computed in A/αi then, using |A/αi| < |A| and the
minimality of A we obtain

ξi ∨ ϕ2
+ = ϕ+.(2)

Consequently

αi < ξi,(3)

as otherwise, by (2) and (1), ϕ+ = αi∨ϕ2
+ = ϕ2

+, which contradicts our assumption
that ϕ ∨ ϕ2

+ < ϕ+.
Moreover ϕ2

+ ∧ ξi = ϕ2
+ξi ≤ αi, which together with (1) and (3) gives

ϕ2
+ ∧ ξi = αi = ϕ2

+ξi.

Now we have the following two equations

ϕ2
+ ∧ (ξ1 ∨ ξ2) = ϕ2

+(ξ1 ∨ ξ2) = ϕ2
+ξ1 ∨ ϕ2

+ξ2 = α1 ∨ α2

and

ϕ2
+ ∨ (α1 ∨ ξ2) = (ϕ2

+ ∨ ξ2) ∨ α1 = ϕ+ ∨ α1 = ϕ+,

from which by modularity we infer

α1 ∨ ξ2 = ξ1 ∨ ξ2.
Once more applying modularity we get

ξ1 = ξ1 ∧ (α1 ∨ ξ2) = α1 ∨ (ξ1 ∧ ξ2) = α1 ∨ ϕ = α1,

a contradiction with (3).
Consequently ϕ has exactly one cover and therefore A is subdirectly irreducible.

This, by (m.3.3), means that the solvable radical of A, i.e. the congruence ϕ, is
comparable with ϕ ∨ ϕ2

+. However ϕ ∨ ϕ2
+ < ϕ+ and therefore ϕ ∨ ϕ2

+ ≤ ϕ, which
gives that ϕ+ is Abelian over ϕ. The obtained contradiction proves (14.7).

Now (14.8) follows from (14.7) by induction on the length of the chain I[ϕ1, ϕ2].
To see (14.9) take η ≥ ϕ. If η 6≤ ϕ then ϕ+ ≤ ϕ∨η. Consequently, ϕ2

+ ≤ ϕ2∨η2 =

η2 ≤ η and, by (14.7), we get ϕ+ = ϕ2
+ ∨ ϕ ≤ η.
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As to (14.10), first note that ϕ1 ∨ ϕ2 ≥ ρ. Indeed, since ϕ1 ∨ ϕ2 ≥ ϕi then, by
(14.9), ϕ1∨ϕ2 is comparable with both ϕ1 and ϕ2. If ϕ1∨ϕ2 ≥ ϕi for some i = 1, 2
then we are done. Thus suppose ϕ1 ∨ϕ2 ≤ ϕ1 ∧ϕ2. Then ϕ2

i ≤ ϕi ≤ ϕ1 ∨ϕ2 ≤ ϕj ,
and consequently ϕ2

1 = ϕ2
2, which together with (14.5) contradicts the assumption

that ϕ1 6= ϕ2. Now, using ϕ1 ∨ ϕ2 ≥ ρ and (14.4), we get ϕ1 ∨ ϕ2 = ϕ1 ∨ ϕ2 ∨ ρ =
ϕ1 ∨ ϕ2.

The item (14.11) can be shown by induction on the length of the chain I[ϕ, 1].
The claim is trivial for ϕ = 1, while the induction step follows easily by (14.6).

We can finish the proof of our lemma by observing that

ρ =
⋂
ϕ∈T+

ϕ,

which, together with (13.10) and (14.11) gives

0 = ρ2 =
⋂
ϕ∈T+

ϕ2 =
⋂
ϕ∈T+

ϕ.

We will also need

Lemma 15. Let ϕ, α ∈ T+, δ be an arbitrary meet irreducible congruence of A
and ρ be the solvable radical of A. Then we have

(15.1) δ ∨ ρ ∈ T+,
(15.2) if ϕ 6= 1 and ϕ ≥ δ then ϕ2

+ → δ = δ,
(15.3) if ϕ2 ≤ δ ≤ ϕ then ϕ ≤ δ,
(15.4) there is γ ∈ T+ such that γ ≤ δ ≤ γ,
(15.5) if α2 ≤ δ then γ ≤ δ ≤ γ for some γ ≥ α with γ ∈ T+,
(15.6) if α 6≤ δ then δ ∨ α = δ ∨ α.

Proof. To see (15.1) observe that by applying (12.3) and (m.3.4) to the subdi-
rectly irreducible algebra A/δ we get that the interval I[δ ∨ ρ, 1] is a finite chain.
Consequently δ ∨ ρ = 1 or δ ∨ ρ is meet irreducible.

Before proving (15.2) note that for any algebra B from a congruence modular
variety, and all congruences α, β, γ of B if α ∧ β ≥ γ then the centralizers α → β
computed in Con(B) and in the interval I[γ, 1] coincide.

Now, to see that (15.2) holds observe that δ ≤ ϕ+ → δ. Since ϕ+ ≥ ϕ ≥ δ
than we can compute ϕ+ → δ in the interval I[δ, 1], or, in other words, in the
congruence lattice of the subdirectly irreducible algebra A/δ. If δ < ϕ+ → δ then
the centralizer of the monolith of A/δ would lie over ϕ+/δ which, by (m.3.2) would
give ϕ2

+ ≤ δ ∨ ρ ≤ ϕ, a contradiction with the fact that ϕ+ is not Abelian over ϕ.
Thus ϕ+ → δ = δ. Consequently ϕ2

+ → δ = ϕ+ → (ϕ+ → δ) = ϕ+ → δ = δ and
(15.2) is shown.

Now if ϕ = 1 then ϕ = ϕ2 ≤ δ, while for ϕ 6= 1 the item (15.2) gives ϕ = ϕ2
+ →

ϕ2 ≤ ϕ2
+ → δ = δ, which shows (15.3).

As to (15.4) and (15.5), put γ = δ ∨ ρ, which, by (15.1) belongs to T+. Now
γ2 = δ2 ≤ δ ≤ γ, and using (15.3) we get γ ≤ δ ≤ γ. Moreover, if α2 ≤ δ then
α2 ≤ δ2 = γ2 and by (14.5) we have α ≤ γ.

To see (15.6) choose, using (15.4), γ ∈ T+ with γ ≤ δ. Since α 6= γ then by
(14.10) we get α ≤ α ∨ γ = α ∨ γ ≤ α ∨ δ.



924 PAWE L M. IDZIAK

Definition 16. A subset S of a lattice L is said to be distributive if

a ∨ (s1 ∧ . . . ∧ sn) = (a ∨ s1) ∧ . . . ∧ (a ∨ sn)
for all a ∈ L and every finite subset {s1, . . . , sn} of S.

We are going to show that the set {ϕ : ϕ ∈ T+} is a distributive subset of
Con(A) .

Theorem 17. If δ is a meet irreducible congruence of an algebra A ∈ V and
α1, . . . , αn ∈ T+ are such that α1 ∧ . . .∧αn ≤ δ then αi ≤ δ for some i = 1, . . . , n.
Consequently the subset {ϕ : ϕ ∈ T+} of Con(A) is distributive.

Proof. First note that the second part follows easily from the first one. Actually we
have even more: in every algebraic lattice L if s1∧. . .∧sn ≤ d with meet irreducible
d ∈ L implies si ≤ d for some i = 1, . . . , n, then the subset {s1, . . . , sn} of L is
distributive. Indeed, we have to show that a∨(s1∧. . .∧sn) ≥ (a∨s1)∧. . .∧(a∨sn).
Take a meet irreducible d with d ≥ a ∨ (s1 ∧ . . . ∧ sn). Then d ≥ a and, by the
assumption d ≥ si for some i = 1, . . . , n, This obviously gives d ≥ (a ∨ s1) ∧ . . . ∧
(a∨ sn) and we can finish the proof of our claim by recalling that in each algebraic
lattice every element is a meet of meet irreducibles.

The first part of the theorem we will prove by induction on n. For n = 1 this
is trivial. Now assume that α1 ∧ . . . ∧ αn ≤ δ and that the theorem holds for any
subset of {ϕ : ϕ ∈ T+} with at most n− 1 elements. By our claim this means that
any such subset is distributive.

Obviously we may assume that all αi’s are distinct. In our proof we will consider
two cases.

CASE 1. There is the smallest congruence in the set {α1, . . . , αn}.
As this smallest congruence belongs to T+ then, by (m.3.4), the set {α1, . . . , αn}

is linearly ordered and, without loss of generality, we may assume that α1 < . . . <
αn. Here we use nested induction on the number of elements in the chain I[α1, 1].
Since α2

1 ≤ α1 ∧ . . . ∧ αn ≤ δ then, by (15.5), we get γ ≥ α1 with γ ≤ δ ≤ γ. If
the number |I[α1, 1]| is minimal, i.e. equal to n, then γ ∈ {α1, . . . , αn} and we are
done. We then assume that γ 6∈ {α1, . . . , αn} and consider two cases.

CASE 1.1. α1 < . . . < αn < γ.
By (14.8) for any i = 1, . . . , n − 1 we get αn = αi ∨ α2

n ≤ αi ∨ (αn ∧ δ) ≤ αn.
This together with the induction hypothesis gives (α1 ∧ . . . ∧ αn−1) ∨ (αn ∧ δ) =
(α1 ∨ (αn ∧ δ)) ∧ . . . ∧ (αn−1 ∨ (αn ∧ δ)) = αn. Finally, using modularity we have
αn = αn ∧αn = αn ∧ ((α1 ∧ . . .∧αn−1)∨ (αn ∧ δ)) = (α1 ∧ . . .∧αn)∨ (αn ∧ δ) ≤ δ.

CASE 1.2. There is j = 1, . . . , n−1 with α1 < . . . < αj < γ < αj+1 < . . . < αn.
Define β = (α1 ∧ . . . ∧ αj) ∨ (δ ∧ αj+1 ∧ . . . ∧ αn) and observe that β ≤ γ. On

the other hand we have β ≥ (α1 ∧ . . . ∧ αj) ∨ (γ ∧ αj+1 ∧ . . . ∧ αn). Now note that
by the outer and inner induction hypotheses, respectively, the sets {α1, . . . , αj}
and {γ, αj+1, . . . , αn} are distributive. Distributing over and using (14.10) we get
β ≥ γ. Thus β = γ.

Now, modularity gives γ∧αj+1∧ . . .∧αn = β∧(γ∧αj+1∧ . . .∧αn) = ((α1∧ . . .∧
αj)∨(δ∧αj+1∧. . .∧αn))∧(γ∧αj+1∧. . .∧αn) = (α1∧. . .∧αj∧γ∧αj+1∧. . .∧αn)∨
(δ∧αj+1∧. . .∧αn) ≤ δ. Finally, (14.10), distributivity of the subset {αj+1, . . . , αn}
and modularity of Con(A) give αj ≤ αj ≤ γ = γ ∧ ((γ ∨ αj+1) ∧ . . . ∧ (γ ∨ αn)) =
γ∧((γ∨αj+1)∧. . .∧(γ∨αn)) = γ∧(γ∨(αj+1∧. . .∧αn)) = (γ∧αj+1∧. . .∧αn)∨γ ≤ δ
as required. This finishes the proof in case 1.

CASE 2. There is no smallest congruence in the set {α1, . . . , αn}.
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From α1 ∧ . . . ∧ αn ≤ δ we get α2
1 ∧ . . . ∧ α2

n ≤ δ2 ≤ (δ ∨ ρ)2, i.e. (by (13.5)
and (13.9)) (δ ∨ ρ)2 = ((δ ∨ ρ) ∨ (α1 ∧ . . . ∧ αn))2. Since, by (15.1), both δ ∨ ρ and
(δ ∨ ρ) ∨ (α1 ∧ . . . ∧ αn) are in T+ then, by (14.5), we get α1 ∧ . . . ∧ αn ≤ δ ∨ ρ.
Using meet irreducibility of δ∨ρ and distributivity of the lattice I[ρ, 1], (see (12.4)),
we get that αi ≤ δ ∨ ρ for some i = 1, . . . , n. Without loss of generality we may
assume that α1 ≤ δ ∨ ρ. This in particular gives α2

1 ≤ (δ ∨ ρ)2 = δ2 ≤ δ. Since α1

is not the smallest element in the set {α1, . . . , αn} then, once more without loss of
generality, we get α1 6≤ α2. This gives α1 ∨ α2 > α2 and consequently, by (14.8),
α1 ∨ α2 = (α1 ∨ α2)

2 ∨ α2 = α2
1 ∨ α2. Now, using modularity, distributivity of the

subset {α2, . . . , αn} and the above equality, we have δ ≥ α2
1 ∨ (α1 ∧ . . . ∧ αn) =

α1 ∧ (α2
1 ∨ (α2 ∧ . . . ∧ αn)) = α1 ∧ (α2

1 ∨ α2) ∧ . . . ∧ (α2
1 ∨ αn) = α1 ∧ (α1 ∨ α2) ∧

(α2
1 ∨ α3) ∧ . . . ∧ (α2

1 ∨ αn) = α1 ∧ (α2
1 ∨ α3) ∧ . . . ∧ (α2

1 ∨ αn) ≥ α1 ∧ α3 ∧ . . . ∧ αn.
Applying the induction hypothesis we are done.

5. The Representation Theorem

In this section we prove the following.

Theorem 18. Let V be a variety satisfying the conditions (m.1)–(m.3.5). Then
there is a finite algebra D ∈ V such that each finite algebra A ∈ V is isomorphic
to D[T+,Θ,M ] for some dual tree T+, a monotonic mapping Θ : T+ −→ Con(D) ,
and a (V ,D, T+,Θ)–admissible family M = {Mϕ : ϕ ∈ T+} of modules with the
property that every quotient of the form D/Θϕ has no subdirectly irreducible homo-
morphic image with Abelian monolith and for each ϕ ∈ T+ the (D/Θϕ)-expanded
R(V ∗ (D/Θϕ), |D/Θϕ|)–module Mϕ belongs to VD/Θϕ

.

In the proof of the above theorem we will use the following two lemmas. The
first lemma is a version of the Chinese Remainder Theorem (see e.g. Ch.5 Ex.68 of
[8]), while the second one was shown in [10].

Lemma 19 (Chinese Remainder Theorem). Let S be a distributive (in the sense
of Definition 16) subset of a lattice Con(A) such that the congruences from the meet
subsemilattice of Con(A) generated by S permute. Then for any natural number
n, all ψ1, . . . , ψn ∈ S and all a1, . . . , an ∈ A such that

(ai, aj) ∈ ψi ∨ ψj for all i, j = 1, . . . , n

there is an element a ∈ A satisfying

(a, ai) ∈ ψi for all i = 1, . . . , n.

Lemma 20. Let V be a variety with finitely many (up to isomorphism) subdirectly
irreducible algebras, all of which are finite. Then there is a finite algebra S and a
class M of epimorphisms from S onto subdirectly irreducibles of V, such that:

(i) every subdirectly irreducible algebra in V is a homomorphic image of S
under some mapping from M,

(ii) if σ : S −→ A belongs to M, and λ : A −→ B is an isomorphism then
λ ◦ σ ∈M,

(iii) for all subdirectly irreducible algebras A,B ∈ V and all epimorphisms ρ :
A −→ B, σ : S −→ B with σ ∈ M there is an epimorphism τ : S −→ A,
such that τ ∈M and ρ ◦ τ = σ.

Now we are able to prove Theorem 18.
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Proof. Since the variety V is finitely generated and residually small, then by The-
orem 10.15 of R.Freese and R.McKenzie [7], V has finitely many (up to isomor-
phism) subdirectly irreducible algebras and all of them are finite. Thus we can
apply Lemma 20 to get a finite algebra D ∈ V and a classM of epimorphisms for
which the conditions (i), (ii) and (iii) of Lemma 20 hold. The epimorphisms from
M will be called admissible ones.

For every finite algebra A from the variety V we will construct a monotonic
function

Θ : T+ −→ Con(D) ,

where T+ = {ϕ ∈ Cm(A) : ϕ ≥ ρ}∪{1}, ρ is the solvable radical of A, and a family
of isomorphisms

λϕ : A/ϕ −→ D/Θϕ,

such that

(0) for every meet irreducible congruence ϕ ∈ T+, the natural epimorphism
natΘϕ is admissible,

(1) if ϕ ⊆ ψ are in T+ then Θϕ ⊆ Θψ and nat(Θψ/Θϕ)◦λϕ = λψ◦nat(ψ/ϕ).

Our construction will be done by a downward induction on the position of a
congruence ϕ in the dual tree T+. If ϕ = 1A then put Θϕ = 1D.

Let ϕ be a maximal meet-irreducible congruence in T+. By (i) of Lemma 20
there exists an admissible epimorphism δϕ : D −→ A/ϕ. Put Θϕ = kerδϕ, and
define λϕ to be the unique homomorphism of the form A/ϕ −→ D/Θϕ, for which
λϕ ◦ δϕ = natΘϕ. As kerδϕ = ker(natΘϕ), then λϕ is an isomorphism, and from
(ii) of Lemma 20 we get that natΘϕ is admissible.

Now let ϕ ∈ T+ be a non-maximal meet irreducible congruence of A with unique
cover ϕ+. By the induction hypothesis we have a congruence Θϕ+ on D and an
isomorphism λϕ+ : A/ϕ+ −→ D/Θϕ+ , such that natΘϕ+ is admissible. Since both
A/ϕ and D/Θϕ+ are subdirectly irreducible then we can apply (iii) of Lemma 20
to get an admissible epimorphism δϕ : D −→ A/ϕ, such that

(2) nat(Θϕ+) = λϕ+ ◦ nat(ϕ+/ϕ) ◦ δϕ.
Define Θϕ = kerδϕ and put λϕ to be the unique isomorphism λϕ : A/ϕ −→ D/Θϕ,
for which

(3) natΘϕ = λϕ ◦ δϕ.
It is clear that our construction fulfills the condition (0). To prove that (1) holds,
it suffices to show it only in the case when ψ covers ϕ, i.e. ψ = ϕ+. From (2) we
get

Θϕ+ = ker(natΘϕ+) ⊇ kerδϕ = Θϕ.

Moreover, using (2) and (3) we have

λϕ+ ◦ nat(ϕ+/ϕ) ◦ δϕ = natΘϕ+

= nat(Θϕ+/Θϕ) ◦ natΘϕ = nat(Θϕ+/Θϕ) ◦ λϕ ◦ δϕ
and consequently

λϕ+ ◦ nat(ϕ+/ϕ) = nat(Θϕ+/Θϕ) ◦ λϕ
as δϕ is a surjective map. This proves the correctness of our construction.

Now observe that for each ϕ ∈ T+ the congruence ϕ/ϕ is the largest Abelian
congruence in the quotient A/ϕ. Moreover, by (14.9), I[ϕ, 1] = I[ϕ, ϕ] ∪ I[ϕ, 1],
and therefore, by Theorem 5, A/ϕ is isomorphic to the algebra (A/ϕ)[Mϕ] for
some (A/ϕ)-expanded R(V ∗ (A/ϕ), |A/ϕ|)–module Mϕ from VA/ϕ. Treating Mϕ
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as a (D/Θϕ)–expanded R(V ∗ (D/Θϕ), |D/Θϕ|)–module from VD/Θϕ
we have an

isomorphism
Λϕ : A/ϕ −→ (D/Θϕ)[Mϕ] ⊆ (D/Θϕ)×Mϕ,

such that for any a ∈ A
Λϕ(a/ϕ) = (λϕ(a/ϕ), µϕ(a/ϕ)),

for some mapping µϕ : A/ϕ −→Mϕ.
On the other hand (14.12) assures us that the natural mapping

A −→
∏
ϕ∈T+

A/ϕ

is a subdirect embedding, and consequently we get the following subdirect repre-
sentation

A −→
∏
ϕ∈T+

(D/Θϕ)[Mϕ],

for the (V ,D, T+,Θ)–admissible family M = {Mϕ : ϕ ∈ T+} of modules. An easy
calculation shows that this embedding takes A into D[T+,Θ,M ].

To finish the proof that A is isomorphic to D[T+,Θ,M ] we have to show that
for each α ∈ DT+ and m ∈M =

∏
ϕ∈T+

Mϕ satisfying

(4) if ϕ ⊆ ψ then (αϕ, αψ) ∈ Θψ

and

(5) (αϕ/Θϕ,mϕ) ∈ (D/Θϕ)[Mϕ], for all ϕ ∈ T+,

there is an element a in the algebra A with

(6) α/Θϕ = λϕ(a/ϕ) and mϕ = µϕ(a/ϕ) for all ϕ ∈ T+.

Obviously, for each ϕ ∈ T+ there is aϕ ∈ A such that

(αϕ/Θϕ,mϕ) = (λϕ(aϕ/ϕ), µϕ(aϕ/ϕ)).

Since for all ϕ, ψ ∈ T+ we have ϕ ∨ ψ ∈ T+, then using (1) we get

(λϕ∨ψ ◦ nat(ϕ ∨ ψ))(aϕ) = (λϕ∨ψ ◦ nat((ϕ ∨ ψ)/ϕ) ◦ natϕ)(aϕ)

= (nat(Θϕ∨ψ/Θϕ) ◦ λϕ ◦ natϕ)(aϕ) = nat(Θϕ∨ψ/Θϕ)(λϕ(aϕ/ϕ))

= nat(Θϕ∨ψ/Θϕ)(αϕ/Θϕ) = αϕ/Θϕ∨ψ,

and analogously

(λϕ∨ψ ◦ nat(ϕ ∨ ψ))(aψ) = αψ/Θϕ∨ψ.
Since, by (4),

αϕ/Θϕ∨ψ = αψ/Θϕ∨ψ.
and λϕ∨ψ is an isomorphism then

(aϕ, aψ) ∈ ϕ ∨ ψ,
which together with (14.10) gives

(aϕ, aψ) ∈ ϕ ∨ ψ.
Now, using the condition (m.1), Theorem 17 and Lemma 19 we get an element

a ∈ A with

(a, aϕ) ∈ ϕ for all ϕ ∈ T+.

Therefore for all ϕ ∈ T+ we have

αϕ/Θϕ = λϕ(aϕ/ϕ) = λϕ(a/ϕ)
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and

mϕ = µ(aϕ/ϕ) = µ(a/ϕ),

as required in (6).
This finishes the proof of Theorem 18.

6. Proof of the Main Theorem

First note that, for a finite algebra D from V the decidability of the monadic
second order theory of finite dual D-trees follows from Lemma 7 and the result of
M.O.Rabin [21] stating that the monadic second order theory of the full binary tree
with two successor functions is decidable.

Now, we get the sufficiency of the conditions (m.1)–(m.4) directly from Corol-
lary 11 and Theorem 18.

The necessity of (m.1), (m.2), (m.3.1), (m.3.2), (m.3.4) and (m.3.5) was
obtained by Joohee Jeong in his Ph.D. thesis [14] (see also [15, 16]), while necessity
of (m.3.3) was shown by Matthew Valeriote and the present author in [13].

Thus, to finish the proof we need to show that in finitely generated congruence
modular varieties the condition (m.4) holds.

Fix a finite algebra D ∈ V having linearly ordered congruences and non-Abelian
monolith. We will show the finite decidability of the variety VD of D–expanded
R(V ∗D, |D|)–modules by interpreting finite modules from VD into finite algebras
from V ∗D. Since V ∗D is finitely generated, congruence modular and residually
small then we can apply a result of R.McKenzie [17], to get that V ∗D is finitely
axiomatizable and thus finitely decidable.

In this interpretation we will use another result of R.McKenzie [18], saying that in
finitely generated congruence modular varieties each algebra has a largest solvable
congruence (which is to be called the solvable radical) and there is a first order
formula Rad(x, y) such that for each algebra A from the variety and a, b ∈ A

A |= Rad(a, b) iff (a, b) belongs to the solvable radical of A.

Let {d1, . . . , dm} be the universe of D. By Theorem 5, D[M ] belongs to V ∗D
for each M ∈ VD. We can uniformly recover M from D[M ]m by using constants
d1, . . . , dm, interpreted in D[M ] by (d1, 0), . . . , (dm, 0) respectively, and the follow-
ing formulas:

∆(x1, . . . , xm) ≡ Rad(x1, d1) & . . . & Rad(xm, dm),

Plus(x,y, z) ≡
m∧
i=1

(zi = p(xi, di, yi)) ,

Timesr(x,y) ≡
m∧
i=1

yi =

m∑
j=1

rij(xi, d1, . . . , dm)

 ,

where x = (x1, . . . , xm) ,y = (y1, . . . , ym) , z = (z1, . . . , zm), p(x, y, z) is a Gumm
term for the variety V , the addition in the expression

m∑
j=1

rij(xi, d1, . . . , dm)

is defined by p( · , di, · ) and r = (rij) is an arbitrary matrix from the ring
R(V ∗D, |D|).
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Now, if ρ is the solvable (= Abelian) radical of D[M ] then Theorem 5 guarantees
that M 'MD[M ](ρ). The module MD[M ](ρ) can be easily shown to be isomorphic
to the one with the universe determined in D[M ]m by the formula ∆ and operations
given by Plus and Timesr.

Finally we have to recover constants f (M)(di1 , . . . , dik). Obviously, the element

f (M)(di1 , . . . , dik) corresponds to f (MD[M](ρ))(di1 , . . . , dik). Using the definition of

MD[M ](ρ) given in the proof of Lemma 3, we know that then f (M)(di1 , . . . , dik)
corresponds to the unique element (u1, . . . , um) of D[M ]m satisfying the formula

m∨
j=1

 ∧
i6=j

ui = di

 & uj = f(di1 , . . . , dik) & Rad(dj , f(di1 , . . . , dik))

 .

This finishes the proof of the Main theorem.

7. Concluding Remarks

In his unpublished manuscript M.Albert [1] reduced the finite decidability of
some finitely generated congruence permutable varieties in which all subdirect irre-
ducibles have linearly ordered congruences to the finite decidability of their largest
abelian subvarieties. Varieties he was working with satisfy conditions (m.2) and
(m.3) since the centralizer of the monolith of each subdirectly irreducible algebra
was assumed to be not bigger than the monolith itself. This allows one to think
of the abelian part in the congruence lattice of each finite algebra from the variety
to be ”semisimple” i.e. this part is a direct product of abelian parts – which are
simple – of subdirectly irreducibles. This however, is not the case in the general
situation.

Moreover, M.Albert supposed that it was unlikely to reduce the finite decidability
of locally finite congruence modular varieties to the finite decidability of the largest
abelian subvarieties. Here we describe a construction which allows us to confirm
his supposition.

Let A be a finite algebra. We assume that A has term definable constant 1.
This is not a serious assumption – our construction will work even without it – but
we are going to adopt it in order to avoid several technical difficulties. Now choose
a new element 0 6∈ A and extend the universe A of A to A⊕ = A∪{0}. Each k–ary
operation f of A is extended to A⊕ by putting

fA⊕(x1, . . . , xk) =

{
fA(x1, . . . , xk), if x1, . . . , xk ∈ A,
0, otherwise.

Now A⊕ denotes this new algebra endowed with an additional binary operation ·
(written sometimes by a juxtaposition) defined by:

x · y =


0, if x ∈ A and y ∈ A,
1, if x = 0 and y = 0,
x, if x ∈ A and y = 0,
y, if x = 0 and y ∈ A.

First observe that

(7.1) Con(A⊕) is isomorphic to Con(A) with a new greatest element adjoined.

Indeed, if θ is a congruence of A⊕ then θ ∩ A2 is a congruence of A since A
is a subreduct of A⊕. Moreover assume that θ1 ∩ A2 = θ2 ∩ A2 for two different
congruence θ1, θ2 from Con(A⊕) − {1A⊕}. Without loss of generality we can
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assume that there is a ∈ A with (0, a) ∈ θ1 − θ2. Then for each b ∈ A we have

b = b · 0 θ1≡ a · b = 0 and therefore θ1 = 1A⊕. This contradiction shows that the
mapping

Con(A⊕) − {1A⊕} 3 θ 7−→ θ ∩ A2 ∈ Con(A)

is a lattice embedding. Moreover it is easy to see that for ϕ ∈ Con(A) , ϕ∪{(0, 0)} ∈
Con(A⊕) which shows (7.1).

Let 1A denote the unique coatom in Con(A⊕) . The next observation is formu-
lated in the language of Tame Congruence Theory (see [9]).

(7.2) The prime quotient (1A, 1) is of the type 3 and for any α ≺ β < 1 from
Con(A⊕) , typ(α, β) = typ(α ∩ A2, β ∩ A2).

The second claim is obvious since the new operation · is trivial on A, while
the first one follows easily from the fact that p(x) = (xx)(xx) is an idempotent
polynomial on A⊕ with range {0, 1} ∈ MA⊕(1A, 1), and the operation · acts on
{0, 1} as the Sheffer function.

Now in the algebra A⊕ we introduce the following terms:

x ∧ y = (xy)(xy),

¬x = xx,

x ∨ y = ¬(¬x ∧ ¬y),
x+ y = ((xy)y)((yx)x),

0 = x+ x,

1 = 00,

x ∗ y = ((((((xy)1)1)x)1) + y) + x.

For a subalgebra D of the power (A⊕)X by D(0, 1) we denote the set {a ∈ D :
a−1(X) ⊆ {0, 1}}. An easy calculation shows that:

(7.3) If D ≤ (A⊕)X , a ∈ D(0, 1) and x ∈ D then x = (a ∗ x) + (¬a ∗ x).
Given Z ⊆ X by ηZ we denote the kernel of the projection D −→ (A⊕)Z , i.e.

(a, b) ∈ ηZ iff a, b ∈ D and Z ⊆ [[a = b]] . Then we have:

(7.4) If D ≤ (A⊕)X and a ∈ D(0, 1) then:
(7.4.1) ΘD(a, 0) = η[[a=0]],
(7.4.2) (ΘD(a, 0),ΘD(¬a, 0)) is a factor pair of congruences,
(7.4.3) D/ΘD(a, 0) ≤ (A⊕)[[a=0]].

Obviously (a, 0) ∈ η[[a=0]] and thus ΘD(a, 0) ⊆ η[[a=0]]. To see the converse
inclusion, fix (c, d) ∈ η[[a=0]] and observe that then a ∗ c = a ∗ d. Moreover note
that for all x ∈ D we have (0,¬a ∗ x) = (1 ∗ x,¬a ∗ x) ∈ ΘD(a, 0). In particular
(¬a ∗ c,¬a ∗ d) ∈ ΘD(a, 0). Now using (7.3) we get

(c, d) = ((a ∗ c) + (¬a ∗ c), (a ∗ d) + (¬a ∗ d)) ∈ ΘD(a, 0).

Thus (7.4.1) is shown.
Now ΘD(a, 0)∩ΘD(¬a, 0) = 0, and for (7.4.2) it remains to show that ΘD(a, 0)◦

ΘD(¬a, 0) = 1. To see this fix c, d ∈ D and put e = (a ∗ c) + (¬a ∗ d). Obviously
e ∈ D and, by (7.4.1), we obtain (c, e) ∈ ΘD(a, 0) and (e, d) ∈ ΘD(¬a, 0), as
required.

To see (7.4.3), it suffices to note that ΘD(a, 0) is the kernel of the projection

D 3 x 7−→ x|[[a=0]] ∈ (A⊕)[[a=0]].
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Now, if D ≤ (A⊕)X is such that D(0, 1) = {0, 1} then it can be easily seen that
D − {0} is a subuniverse of AX . Moreover for x, y ∈ D we have

x · y =


0, if x 6= 0 and y 6= 0,
1, if x = 0 and y = 0,
x, if x 6= 0 and y = 0,
y, if x = 0 and y 6= 0.

Consequently D is isomorphic to B⊕ for some B ∈ SPfin(A). Combining this with
(7.1) and (7.4) we immediately get

(7.5) If D ∈ SPfin(A⊕) then D is directly indecomposable iff D(0, 1) = {0, 1}.
Moreover every algebra from SPfin(A⊕) is a direct product of directly
indecomposables from SPfin(A⊕).

Now, let A = {B⊕ : B ∈ HSPfin(A)}. We already know that A contains all
directly indecomposable algebras from SPfin(A⊕). Actually we will show that A
is the class of all directly indecomposables from HSPfin(A⊕) by proving that

Fact 21. HSPfin(A⊕) = Pfin(A).

Proof. Obviously B ∈ HSPfin(A) implies B⊕ ∈ HSPfin(A⊕), and thus Pfin(A)
⊆ HSPfin(A⊕). Conversely, by the remarks below (7.5) we already know
that SPfin(A⊕) ⊆ Pfin(A). To see that each quotient D/θ of an algebra from
SPfin(A⊕) belongs to Pfin(A) it suffices to show this with an additional assump-
tion saying that θ is an atom in Con(D) .

First we show that if D is treated as a finite direct product
∏
t∈T At of algebras

from A then the atomic congruence θ is contained in some projection kernel of the
form ηT−{t}. Assume to the contrary that this is not the case. Then we can find
(a, b), (c, d) ∈ θ and t, s ∈ T with t 6= s, at 6= bt and cs 6= ds. Since D is the full
direct product of At’s then the elements et = 0|{t}∪1|T−{t} and es = 0|{s}∪1|T−{s}
belong to D. Moreover (et ∗a, et ∗b) ∈ θ−0 and (es ∗c, es ∗d) ∈ θ−0. On the other
hand for θt = ΘD(et ∗ a, et ∗ b) and θs = ΘD(es ∗ c, es ∗ d) we have θt ⊆ ηT−{t} and
θs ⊆ ηT−{s}, and thus θt ∩ θs = 0. Since θt, θs are nontrivial congruences below θ

then θt = θ = θs and consequently θ = θt ∩ θs = 0, a contradiction.
This shows that θ is contained in some projection kernel of the form ηT−{t}.

However a quotient of a direct product by the congruence contained in such a
projection kernel is isomorphic to a direct product of all As’s, s 6= t and a quotient
of At. Now we can finish the proof by noting that (7.1) implies that A is closed
under taking homomorphic images.

Now we are in a position to prove the following:

Theorem 22. If A is a finite algebra (with term definable constant) then the va-
riety generated by A is finitely decidable if and only if the variety generated by A⊕
is finitely decidable.

Proof. The reader will find no difficulties in observing that the decidability of
HSPfin(A) implies the decidability of A. Using a result of A.Mostowski [20] we
get that Pfin(A) is decidable which, in view of Fact 21, gives that A⊕ generates a
finitely decidable variety.
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Conversely, if HSPfin(A⊕) = Pfin(A) is decidable then A is decidable since A
is finitely axiomatizable relative to Pfin(A) by the sentence

∀x
(
x = (xx)(xx) ⇒ (x = 0 or x = 1)

)
.

Now HSPfin(A) is trivially interpretable into A, which gives the finite decidability
of the variety generated by A.

Theorem 23. There is a finitely generated congruence modular variety satisfying
the conditions (m.1)–(m.3) that is finitely undecidable and such that its largest
abelian subvariety is finitely decidable.

Proof. First we will show that starting with a finite algebra A generating a variety
V that satisfies the conditions (m.1) – (m.3) the derived variety V⊕ = HSP (A⊕)
satisfies these conditions as well.

Indeed, one can check that the term

p⊕ (x, y, z) = ((¬x ∨ ¬y ∨ ¬z) ∗ p(x, y, z)) + ((x ∨ y ∨ ¬z) ∗ z) + ((¬x ∨ y ∨ z) ∗ x)
is a Malcev term for A⊕ whenever p(x, y, z) is one for A.

Now, observe that the isomorphism between Con(B⊕) − {1B⊕} and Con(B)
described in the proof of (7.1) preserves the commutator operation, that is for
α, β ∈ Con(B⊕) we have

(7.6) [α, β]B⊕ =


[α ∩B2, β ∩B2]B ∪ {(0, 0)}, if α 6= 1B⊕ 6= β,
β, if α = 1B⊕,
α, if β = 1B⊕.

To prove that V⊕ is residually small it suffices (cf. Thm. 10.15 of [7]) to check
that the congruences of any subalgebra of A⊕ satisfy the identity

α ∧ [β, β] = [α ∧ β, β].(7.7)

However, if D is a subalgebra of A⊕ then, since 0 is a term definable constant,
0 ∈ D and moreover D − {0} is a subuniverse of A. Consequently D is isomorphic
to B⊕ for some subalgebra B ⊆ A. Using (7.6) and the fact that B satisfies (7.7)
it is easy to see that (7.7) holds in Con(B⊕) .

Finally, to check that (m.3) holds in V⊕ fix a subdirectly irreducible algebra
D ∈ V ⊕ . Then D is finite (by (m.2) already established for V⊕) and directly
indecomposable, and thus D = B⊕ for some B ∈ HSPfin(A) such that B is either
trivial or subdirectly irreducible. If B is trivial then D is term equivalent to the
two element Boolean algebra and therefore satisfies (m.3.1) – (m.3.5). So, let B
be a subdirectly irreducible algebra from HSP (A) and let ν be the centralizer of
its monolith. Again, using (7.6), we get that ν⊕ = ν ∪ {(0, 0)} is the centralizer
of the monolith of D. The facts that Con(D) is isomorphic to Con(B) with a new
largest element adjoined and that the commutator on Con(D) is given by (7.6)
imply that ν⊕ satisfies (m.3.1) – (m.3.5).

After this preparation we return to the proof of our theorem. Let A be a finite
module generating a finitely undecidable variety V , (see e.g. [28] for such an exam-
ple). Then, by Theorem 22, the variety V⊕ generated by A⊕ is finitely undecidable.
Since each directly indecomposable and thus each subdirectly irreducible algebra
from V⊕ is of the form B⊕ for some B ∈ Vfin then, by (7.2), it is non-Abelian.
This means that the largest Abelian subvariety of V⊕ is trivial and therefore finitely
decidable.
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On the other hand, the variety V , as a finitely generated variety of modules,
is residually small, Abelian and congruence permutable. Therefore V , and conse-
quently V⊕, satisfies (m.1) – (m.3).
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